Abstract: We study the chiral phase transition with 2 + 1 quark flavors in an improved soft-wall AdS/QCD model, which can produce the light meson spectrum and many other low-energy quantities consistent with experiments in the two-flavor case. The chiral transition behaviors of the quark condensates at different quark masses are analysed in detail, and the (m u,d , m s ) phase diagram for the quark sector has been obtained from the improved soft-wall model. We find that the features of the calculated phase diagram are completely consistent with the standard scenario, which is supported by lattice simulations and theoretical arguments. The evidence of a tricritical point on the m u,d = 0 boundary of the (m u,d , m s ) phase diagram is first clearly presented in the bottom-up AdS/QCD.
Introduction
Study on the phase transition and vacuum structure of quantum chromodynamics (QCD) is very important for our understanding of low-energy physics of strong interaction and even the evolution of our universe [1] , which is yet hindered by the nonperturbative nature of low-energy QCD due to the property of asymptotic freedom. In spite of that, much of this field has been investigated over the past decades of studies. It is known that chiral symmetry breaking and quark confinement are two essential features of low-energy QCD. It is widely believed that at high temperature or baryon density QCD will undergo a transition from the hadron matter to the quark-gluon plasma accompanied by the chiral symmetry restoration and color deconfining process. The relation between the chiral and deconfining phase transitions is a hot topic but without final conclusion up to now. The quark-gluon plasma state can now be created in the laboratory, such as the Relativistic Heavy Ion Collider (RHIC) and the Large Hadron Collider (LHC), which also triggers extensive researches on the field of QCD phase transitions although there are still many questions need to be clarified. , m s ) [6] .
To characterize QCD phase transitions, we need to choose proper order parameters. In the chiral limit with zero quark masses, the QCD Lagrangian has an exact chiral symmetry which is spontaneously broken by the QCD vacuum. At high temperatures, this chiral symmetry is expected to be restored, which indicates a chiral phase transition [2] . The proper order parameter to describe the chiral transition is the chiral condensate[3] . In the pure gauge sector with the quark masses approaching to infinity, the QCD partition function admits a Z(3) symmetry, which is broken at high temperatures due to color screening [4] . For the deconfining phase transition, the proper order parameter is the Polyakov loop expectation value L [5] . In the intermediate region of quark masses, we can still use these order parameters to probe the QCD phase transition behaviors, although there are no exact chiral symmetry and Z(3) symmetry. Besides the observablesand L , many other quantities can also be used to characterize the transition behaviors, such as the pressure or entropy density in thermal QCD. In this work, we only consider the chiral phase transition with the chiral condensate as order parameter.
The sketched plot in Fig.1 shows the standard scenario of QCD phase diagram in the (m u,d , m s ) quark mass plane [6] , which gives the quark mass dependence of the order of phase transition in the 2 + 1 flavor case. The lateral axis denotes the up/down quark mass m u,d , and the vertical axis denotes the strange quark mass m s . The blue curves represent the second-order lines of phase transition, which divide the phase diagram into three parts. The light green regions denote first-order phase transition, while the grey part denotes crossover transition. We can see that the QCD phase transition is first order when quark masses are small, and then goes through a second-order line to a large crossover region with the increasing of quark masses. The up-right corner corresponds to the pure gauge region with very large (or infinite) quark masses, which will not be considered in this work. The diagonal line corresponds to the three-flavor case with m u = m d = m s .
We emphasize two points of the phase diagram in Fig.1 . First, there is a tricritical point on the m u,d = 0 boundary at some finite strange quark mass, which is an intersection with the second-order phase transition line. This tricritical point divides the m u,d = 0 boundary into two parts. The lower part (smaller m s ) corresponds to first-order phase transition, while the upper part (larger m s ) corresponds to second-order transition with an O(4) universal class. It should be noted that the O(4) critical properties have not yet been confirmed definitely. In the case of two light quark flavors (i.e., the upper boundary of the phase diagram), the approximate global chiral symmetry SU L (2) × SU R (2) indicates that the O(4) scaling behavior might exist in analogy to the O(4) σ model. However, if the axial symmetry U A (1) is partially restored at the critical transition temperature, the chiral phase transition might also be first order with the tricritical point disappearing [7, 8] .
Lattice simulations in recent years indicate that the U A (1) symmetry breaking extends to temperatures around 30 MeV above T c and support the O(4) scaling behavior of secondorder phase transition [9] . Second, the transition order around the physical point is not clear in Fig.1 . However, lattice QCD studies indicate that it is an analytic crossover without real singular behaviors of relevant observables [1, 9] .
To study the properties of QCD phase transition, we need to use nonperturbative methods such as lattice QCD, functional renormalization group equations etc., many of which have been developed for several decades and each of them has both merits and shortcomings. For instance, lattice QCD simulations are very hard at small quark masses and are invalid at finite chemical potential due to the sign problem. In recent decades, the holographic approach, viz. the anti-de Sitter/conformal field theory (AdS/CFT) correspondence [10] [11] [12] provides a powerful tool to tackle the low-energy nonperturbative problems of QCD, which is usually called AdS/QCD or holographic QCD. Extensive researches have been born out of this field with the aim to give good descriptions of nonperturbative phenomena with strong interaction .
In the holographic framework, many studies have focused on the deconfining phase transition [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] , which can be characterized by different black hole configurations of the dual gravity theory with distinguishable (vanishing or not) Polyakov Loop expectation values. There are also some other works on chiral phase transition in holographic QCD [67] [68] [69] [70] [71] [72] . Studies on QCD phase transitions under magnetic fields can be referred to [73] [74] [75] [76] [77] [78] . As the chiral phase transition is related to the chiral dynamics of QCD, a satisfying holographic description of chiral transition should combine with other important low-energy properties of hadron physics, in which the chiral symmetry breaking plays a dominant role. In this work, we consider the 2 + 1 flavor chiral phase transition in an improved soft-wall AdS/QCD model [29] , which has been shown to reproduce the light meson spectrum and many other low-energy quantities consistent with experiments, and also the right chiral transition behavior in the two-flavor case. The magnetic effects have also been studied in this model [74] , which displays inverse magnetic catalysis in the chiral transition indicated by lattice simulations [79, 80] .
The paper will be organized as follows. In sec.2, we give a brief introduction of the improved soft-wall AdS/QCD model with two flavors [29] . In sec.3, we generalize the improved soft-wall model with two flavors to the case of 2 + 1 flavors. In sec.4, we study the chiral phase transition for 2 + 1 quark flavors in the improved soft-wall model and the (m u,d , m s ) phase diagram will be obtained and compared with that shown in Fig.1 . In sec.5, we study the parameter dependence of the 2 + 1 flavor chiral transition and the condition in which the standard scenario of the phase diagram exists. In sec.6, we conclude our work and give a brief discussion of the chiral phase transition in the improved soft-wall model.
The improved soft-wall AdS/QCD model with two flavors
We use the pure AdS 5 spacetime as the bulk background with the metric ansatz:
where A(z) = −log z L is scaled by the AdS curvature radius L (dropped below for simplicity), and the four-dimension (4D) metric convention has been chosen as η µν = (+1, −1, −1, −1).
The action of the improved soft-wall AdS/QCD model in the two-flavor case [29] can be written as
where
R t a R , in which t a L and t a R are the generators of SU(2) L and SU(2) R . The dilaton field Φ(z) = µ 2 g z 2 leads to the Regge behavior of meson spectrum [15] . The key point of this model is the introduction of a quartic term of the bulk scalar field X(x, z) and a z-dependent bulk mass m 2 5 (z) of X(x, z), which are closely related to the chiral symmetry breaking and thus are crucial for a consistent description of both meson spectrum and chiral phase transition [29] . As pointed out in [29] , the z-dependence of the bulk scalar mass might originate from the running quark mass anomalous dimension which can be linked with m 2 5 by the AdS/CFT dictionary m 2 5 = (∆ − p)(∆ + p − 4) with ∆ the dimension of the p-form operator. The UV and IR asymptotic behaviors of m 2 5 (z) are well constrained by the equation of motion (EOM) of the vacuum expectation value (VEV) of X(x, z) and the mass split of the chiral partners at highly excited states. In [29] , we have used the simplest form m 2 5 (z) = −3 − µ 2 c z 2 in accordance with the constrained UV and IR asymptotics.
The mass spectra of π, f 0 , ρ and a 1 mesons have been calculated after fixing all the parameters of the model in [29] . We only list some of the results in Table. 2. Other lowenergy quantities such as the pion form factor and the decay constants of π, ρ, a 1 mesons have also been calculated in the improved soft wall model, and the results are consistent with the experimental values. Further more, this model also reproduces the same two-flavor chiral transition behavior as that shown in Fig.1 . In the chiral limit, it gives a second-order chiral phase transition, and at finite quark masses it displays a crossover behavior. Hence, it makes sense to generalize this model to include the strange quark sector. Next, we will consider the chiral phase transition for 2 + 1 flavors in the framework of the improved soft-wall AdS/QCD model. Table 1 . The meson spectra obtained from the improved soft-wall AdS/QCD model with two flavors [29] . The parameters in the calculation are fixed to be m q = 3.366 MeV, µ g = 440 MeV, µ c = 1180 MeV, λ = 33.6. The experimental data are taken from [81] .
3 Generalization to the 2 + 1 flavor case
General setup
It has been shown that an additional term, viz. the 't Hooft determinant det[X] needs to be considered for the correct realization of chiral phase transition in the three-flavor case [68, 69] . We drop the sector of chiral gauge fields in the action (2.2), which is irrelevant for chiral phase transition in our consideration. Thus the action to be addressed in the 2+1 flavor case is
To study the chiral transition at finite temperatures in the holographic framework, we use the AdS-Schwarzchild black hole as the simplest ansatz
where the horizon of the black hole z h is related to the Hawking temperature T by the formula
As the close relations with the properties of linear confinement and chiral symmetry breaking, the dilaton field Φ(z) and the bulk scalar mass m 2 5 (z) will take the same forms as those in the two-flavor case
Following the previous studies in [68, 69] , the VEV of the bulk scalar field X(z) in the 2 + 1 flavor case is assumed to be
with χ u (z) = χ d (z). According to AdS/CFT, the chiral condensates of u (d) and s quarks are contained in the UV expansion of X [13, 14] , thus to study the chiral transition behavior we only need to consider the EOM of X , which can be derived from the action (3.1) as
where m u , m s denote the quark masses, and σ u , σ s are the chiral condensates. The normalization constant ζ = √ Nc 2π is fixed by the correct N c scaling behavior of the quark mass and chiral condensate [22] . Note that there are only two independent parameters in the UV expansion of χ u (z) or χ s (z), i.e., the quark mass m u,s and the chiral condensate σ u,s , which are most relevant in our discussion of chiral phase transition.
As Eqs. (3.7) and (3.8) are a system of second-order nonlinear ordinary differential equations, we must impose proper boundary conditions to solve them. The first derivatives of χ u (z) and χ s (z) at z = 0 will be used as the UV boundary condition in the numerical calculation
Note that Eqs. (3.7) and (3.8) are singular at the horizon of the black hole, which can be seen from the expansion of these equations at z = z h ,
These singular forms at horizon z = z h supply us with a natural IR boundary condition to guarantee the regular near-horizon behaviors of χ u (z) and χ s (z), i.e.,
From the Eqs. (3.7), (3.8) and with the boundary conditions (3.11), (3.14) and (3.15), we can solve the VEVs of the bulk scalar field χ u (z) and χ s (z) numerically by the spectral collocation method [82, 83] . For one set of quark masses (m u , m s ) and a given value of temperature, there will be one set of (or several sets of) solutions (χ u , χ s ) with regular IR behaviors at the black hole horizon z h . Using the UV asymptotic expansions (3.9) and (3.10), we can extract the values of the condensates (σ u , σ s ) from the solutions (χ u , χ s ).
4 Chiral phase transition in the 2 + 1 flavor case
Parameters and the main results
After fixing the general setup, we now study the 2 + 1 flavor chiral phase transition in our model. To solve the Eqs. (3.7) and (3.8), we need first to fix the four parameters µ c , µ g , γ and λ in the model. It should be noted that the parameters determined by the hadron spectra in the two-flavor case [29] have little reference value in our case here as the strange quark contributions cannot be neglected in the 2+1 flavor case. Thus, to fix the parameters of the model, we need to calculate the low-energy quantities with the ingredients related to strange quark included, which will not be addressed in this work. Nevertheless, as pointed out in [29] , the parameters µ c and µ g are intimately linked with the properties of chiral symmetry breaking and linear confinement. The value of µ c is around the energy scale of chiral symmetry breaking µ c ∼ Λ χ ∼ 1 GeV, while the value of µ g is close to the Λ QCD energy scale µ g ∼ Λ QCD [84] . These two parameters have intrinsic meanings and should not be changed significantly. Here we just take the same values of µ c and µ g as in [29] , i.e., µ c = 1180MeV and µ g = 440MeV. The choosing of the couplings γ and λ is relatively arbitrary, except that γ must be negative to generate first-order phase transition [69] , and we take γ = −22.6 and λ = 16.8 in our analysis below.
We first sketch our main results, which are summarized in the (m u,d , m s ) phase diagram in Fig.2 . The detailed analysis in different cases will be given below. Note that we do not address the pure gauge sector corresponding to the up-right corner of the phase diagram. In Fig.2 , the blue curve represents the second-order transition line, which divides the (m u,d , m s ) plane into a first-order transition region and a crossover region (note the different coordinate range of the m s and m u,d axes). We can see that the calculated phase diagram is fully consistent with the phase diagram shown in Fig.1 , at least qualitatively. We also see that the physical point is in the crossover region with parameter values given above. The most interesting thing is that a tricritical point also appears on the m u = 0 boundary of the calculated phase diagram, which supports the standard scenario in Fig.1 . 
The physical point and a typical first-order transition point
We proceed to give the detailed analysis of the calculated phase diagram in Fig.2 . According to sec.3.2, provided that the quark masses (m u , m s ) are given, we can solve the VEVs (χ u , χ s ) from the Eqs. (3.7), (3.8) at each temperature and extract the chiral condensates (σ u , σ s ) from the UV expansion of (χ u , χ s ), and then obtain the chiral transition properties of (σ u , σ s ).
We present the calculated results at the physical point with m u = 3.336 MeV and m s = 95 MeV [81] in Fig.3 . The left panel shows the chiral transition of the condensates σ u , σ s with temperature T , from which we can see the crossover behavior obviously. The right panel shows the solutions of VEVs (χ u , χ s ) at three different temperatures. We can see that (χ u , χ s ) would approach to the zero solution (0,0) with the increasing of temperature T , which is easy to understand. As the temperature characterizes the energy scale, the physical quark masses can be neglected at very high temperatures, in which case the Eqs. (3.7), (3.8) have null solution (χ u , χ s ) = (0, 0). From the left panel of Fig.3 we also see that at low temperatures the condensate σ s is suppressed compared with the condensate σ u , however, after crossing the pseudo-critical transition region around T ≃ 0.15 GeV, σ u drops more quickly than σ s and becomes smaller than σ s at larger temperatures.
In Fig.4 , we also display a typical first-order phase transition at the point (m u , m s ) = (1 MeV, 20 MeV). The left panel shows the chiral transition behavior of the condensates (σ u , σ s ) with the temperature T, from which we can see an inflection in the transition region with a sudden decreasing of the condensate (see the insert), which indicates a first-order phase transition. Note that the Eqs. (3.7) and (3.8) have three solutions at each temperature of the inflection region. We show the three solutions at temperature T = 135 MeV in the right panel of Fig.4 . In principle, we can calculate the free energies corresponding to these solutions to quantify the first-order transition and to fix the critical temperature, as has been done in [69] . Here it is enough for us to know the order of phase transitions. 
The three-flavor case
In the three-flavor case (m u = m d = m s ), there is no distinction between the VEVs χ u and χ s . Thus the Eqs. (3.7) and (3.8) will reduce to one equation, i.e.,
which has been considered in the previous works (see e.g. [68, 69] ). We can also deal with the two coupled equations (3.7) and (3.8) directly and the result will be the same as that solved from the single equation. We present the calculated results of the improved soft-wall AdS/QCD model in Fig.5 , where the chiral transition behavior of (σ u , σ s ) with four different quark masses are plotted.
The top two panels show obvious inflections in the transition region, which implies a firstorder phase transition. The lower left panel shows a near second-order phase transition, while the lower right one is a crossover transition. We see that at small quark masses the chiral transition is first-order and becomes a second-order one when the quark mass increases up to a point, and then crossover transitions, which is consistent with the phase diagram in Fig.1 . We can also see roughly from Fig.5 that the (pseudo-)critical transition temperature increases with increasing quark mass, at least in a finite range of quark masses, which agrees with the lattice result [6] . 
The m s = 0 case
In the m s = 0 case, we need to solve the two coupled equations (3.7) and (3.8) to obtain the set of solutions (χ u , χ s ), from which the condensates (σ u , σ s ) can be extracted. We plot the chiral transitions of (σ u , σ s ) with temperature T for four selected u quark masses in Fig.6 , from which we can see that with the increasing of the quark mass m u similar transition behavior happens as that in the three-flavor case. When m u is small (see the upper two panels), both σ u and σ s show a first-order phase transition with an inflection appearing in the critical transition region, and then both of them become second-order transition as m u reaches to an end point around 32.7 MeV (see the lower left panel). The chiral transitions of (σ u , σ s ) become crossover when m u is larger than the value of the second-order transition point (see the lower right panel). Contrary to the case of the physical point in Fig.3 , the condensate σ s is larger than σ u at low temperatures and smaller than σ u at high temperatures in the m s = 0 case. We find that this is always the case in the lower right region of our calculated phase diagram with m u,d = m s being as the dividing line, as can be expected. In the upper left region, the relationship between σ u and σ s is reversed, just like the case of the physical point, i.e., σ s is smaller than σ u at low temperatures and larger than σ u at high temperatures. On the dividing line m u,d = m s which corresponds to the three-flavor case, σ u (T ) and σ s (T ) merge into a single curve for any quark mass, as shown in Fig.5 . 
The m u = 0 case
There are still debates on the order of QCD phase transition for the case of small m u,d but large m s [6, 7] . The nature of chiral phase transition was first discussed in [8] , where it was argued that the chiral transition should be first-order for three light quark flavors, while for two light quark flavors it could be either second order or first order, which is determined by the fact that to what extent the broken axial symmetry U A (1) is restored at the transition temperature. If the U A (1) symmetry is not restored at the transition temperature, the chiral phase transition in the chiral limit is most likely a second-order one belonging to the O(4) universality class, which is supported by lattice simulations in recent years [9] . Indeed, the second-order phase transition already happens at some finite m s (tricritical point) on the m u = 0 boundary. To obtain the chiral transition behavior in the m u = 0 case, we need to be careful to solve the Eqs. (3.7) and (3.8) . First note that in this case we have two sets of solutions which correspond to χ u = 0 and χ u = 0 respectively. When χ u = 0, Eqs. (3.7) and (3.8) reduce to one equation of χ s
whose solution will be labeled as χ 0 s . Thus we have a set of solutions for the Eqs. The numerical results of the chiral transition behavior of σ u and σ s are shown in Fig.7 , where we also choose four typical s quark masses for our consideration. It should be noted that both σ u (T ) and σ s (T ) in Fig.7 are composed of two parts, of which one corresponds to the solution (0, χ 0 s ) at higher temperatures and the other part corresponds to the solution (χ u = 0, χ s ) at lower temperatures. We also note that Eqs. (3.7) and (3.8) have no solution (χ u = 0, χ s ) at higher temperatures, and we have dropped the low-temperature part of the solution (0, χ 0 s ) in Fig.7 by the stability consideration [69] . As σ u (T ) and σ s (T ) come from two sets of solutions of the Eqs. (3.7) and (3.8), there must be no crossover transition in the m u = 0 case. From the upper two panels of Fig.7 , we can see obviously the feature of inflection around the transition region, which implies a first-order phase transition at m s = 100, 150 MeV. When m s is large enough, the inflection disappears, which signifies a second-order phase transition (see the lower two panels). The tricritical point, viz. the separation between the first-order and second-order phase transitions on the m u = 0 boundary is around m s ≃ 212.7 MeV. Thus the results obtained from the improved soft-wall AdS/QCD model support the standard scenario of the (m u,d , m s ) phase diagram in Fig.1 .
γ dependence of the phase diagram
As mentioned in sec.4.1, the couplings γ and λ of the improved soft-wall AdS/QCD model are more or less arbitrary in our discussion of chiral phase transition. In this section, we consider the effects of γ on the chiral transition behavior and the (m u,d , m s ) phase diagram with the coupling λ = 16.8 fixed as before. We choose another two values of γ besides the one used in the preceding sections, i.e., γ = −19, −22.6, −24.4. The second-order transition lines of the phase diagram for the three different values of γ are shown in the left panel of Fig.8 , from which we can see that the second-order line moves upward as γ decreases (note that γ ≤ 0). In other words, the region of first-order phase transition would shrink with the increasing of γ.
In the right panel of Fig.8 , we plot the chiral transition behavior of the condensate at m u,d = m s = 0 when γ takes the above three values and also γ = 0. The first-order transition behavior of the condensate is obvious when γ takes negative values. However, it becomes a second-order phase transition when γ = 0, which indicates that the region of first-order transition reduces to zero. This can be seen directly from the Eqs. (3.7) and (3.8), which will decouple and reduce to a single equation similar as that in the two-flavor case when the determinant term vanishes (γ = 0). From the right panel of Fig.8 , we can also see that the condensate at zero or low temperatures will decrease with the increasing of γ.
Conclusion and discussion
We have studied the chiral phase transition for the 2 + 1 quark flavors in the improved softwall AdS/QCD model proposed in [29] , where we only considered the two-flavor case. This improved soft-wall model can realize consistently the properties of chiral symmetry breaking and linear confinement by a quartic self-coupling term of bulk scalar field and a z-dependent bulk scalar mass, which is well motivated by the running quark mass anomalous dimension and the mass split of the chiral partners. The light hadron spectra and many other lowenergy quantities have been calculated in [29] , which are consistent with experiments. The generalization from the two-flavor case to the 2 + 1 flavor case is straight-forward, and the 't Hooft determinant term det[X] has been included for the generation of correct chiral transition behavior [69] . The effects of the determinant term on the three-flavor chiral transition in AdS/QCD were first considered in the previous works [68, 69] , where the model used cannot reproduce the measured hadron spectra.
In this work, we gave the detailed analysis of the chiral transition behavior at different quark masses, and obtained the (m u,d , m s ) phase diagram for the quark sector (see Fig.2 ). Quite strikingly, the calculated phase diagram in a simple AdS/QCD model is completely consistent with the standard scenario shown in Fig.1 . It is interesting to find that a tricritical point also exists on the m u = 0 boundary in the holographic calculation, which is supported by the lattice simulations [9] . This tricritical point separates the lower first-order transition region from the upper O(4) second-order line at m u = 0, which implies that in the chiral limit of two-flavor case the chiral phase transition is second order (consistent with our previous result in [29] ). However, the reason for the O(4) and Z(2) nature of the secondorder line separated by the tricritical point is not very clear in our holographic analysis, which might need more considerations.
In the improved soft-wall AdS/QCD model, there are four parameters relevant to our discussion of chiral phase transition, viz. µ c , µ g , γ and λ. As the parameters µ c and µ g are related to the chiral symmetry breaking and Λ QCD energy scales respectively, there are only two relatively arbitrary parameters γ and λ which might be fixed by the hadron spectrum with 2 + 1 quark flavors. With the parameter λ fixed, we studied the effects of the parameter γ on the 2 + 1 chiral transition and the (m u,d , m s ) phase diagram. We find that the first-order transition region shrinks with the increasing of γ (γ ≤ 0) and finally disappears as γ vanishes.
In the light of the good description for chiral phase transition and low-energy hadron physics such as meson spectrum in the improved soft-wall AdS/QCD model, many other works might deserve to be done in this framework. For instance, as we have said, the hadron spectrum with 2+ 1 quark flavors can be used to fix the parameters in this model. However, this entails a considerable extension of the model to include the strange quark sector [27] .
We can also study the chemical potential effects and the µ−T phase diagram by introducing a U (1) gauge field in the model. To characterize QCD phase transition more completely, we should investigate the equation of states and the relevant QCD thermodynamics, which are intimately associated with color deconfining process. The expectation value of Polyakov Loop L can also be calculated for the deconfining phase transition. This work was supported by National Science Foundation of China (NSFC) (11690022, 11475237, 11121064) and Strategic Priority Research Program of the Chinese Academy of Sciences (XDB23030100) as well as the CAS Center for Excellence in Particle Physics (CCEPP), and also partially supported by the China Postdoctoral Science Foundation (2016M601106).
A A brief introduction to spectral collocation method
Here we give a brief introduction to the spectral collocation method (see [82, 83] for more details). For a general ordinary differential equation
where N is a nonlinear operator and Ω denotes a bounded domain of R 1 , we can approximate the solution u(x) of Eq. (A.1) by the sum of a finite sequence of functions:
where φ k (x) are called trial (or basis) functions. Substituting u N (x) for u(x) in Eq. (A.1) leads to
where R N (x) is the residual. We then minimize the residual by requiring
where ψ j (x) are called test functions and ω(x) is a positive weight function, or If we employ globally smooth functions as trial/test functions, the WRM is just spectral method. If the test functions ψ k (x) in (A.5) are the Lagrange basis polynomials such that ψ j (x k ) = δ j k with {x j } the preassigned collocation points, then (A.5) becomes
This kind of choice leads to spectral collocation method.
B Implementation of spectral collocation method in our model
We now detail the implementation of the spectral collocation method in the calculation of chiral phase transition. First we change the form of Eqs. (3.7) and (3.8) by applying the following two transformations successively: As mentioned in sec. 3.2, the EOMs of the improved soft-wall AdS/QCD model have natural IR boundary conditions, which will be satisfied implicitly in the following procedure. Now we turn back to the spectral collocation method. Let us first select a set of distinct collocation points {t i } For a general function f (t), f (t i ) denotes the value of f (t) at the collocation point t i . The value of the derivative function f ′ (t) can be calculated by the differential matrix:
. . .
. . . Putting together Eqs. (B.11), (B.12) and (B.13), we have totally 2 (N + 1) equations which can be solved numerically to obtain the values of (χ u (t i ),χ s (t i )) (0 ≤ i ≤ N ).
